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A Unified Three-Dimensional Trajectory Simulation Methodology

Hideo Bcawa*
Rockwell International, Seal Beach, California

An explicit set of equations of motion described with respect to the flight path coordinate system for the
unified three-dimensional trajectory simulation is presented. The theory is uniformly valid for analysis of endo/
exo-atmospheric flight problems in which an observer is rotating with the Earth. Hence, the relative properties
are taken as the state variables. The rotating spherical coordinate system, which reference plane is oriented
with respect to the initial vehicle position and heading, is used. The inverse square gravitational field is assumed.
The Coriolis and the centrifugal acceleration terms due to Earth's rotation are also retained. The universal
applicability of theory is verified by the sample problems: in-orbit flight; deorbit to land or to perform synergetic
plane change, that requires a trans-atmospheric flight maneuver; and low-speed cross-country flight. The theory
is suitable for solving such complex problems on a desk-top computer. The sample problems were solved on an
IBM PC equipped with an 8087 Numerical Data Processor.

Nomenclature
Azi = initial heading azimuth of inertial plane
Cj, Fj = Coriolis and centrifugal acceleration coefficients

due to Earth rotation, / = 1, 2, 3
D, L = aerodynamic drag and lift
h = vehicle altitude
i = trajectory inclination
i, j, k ~ UIUt vectors °f reference coordinate system
m = vehicle mass
r = radius altitude (r = h + Re)
r, e, n = unit vectors of local coordinate system
Re = Earth radius
T = thrust
i• = unit vectors of flight path coordinate system,

j = 1, 2, 3
V — relative speed
Ve = local Earth rotational speed (r a)E cos$L)
Vr> Vn> Vt ~ velocity components of radial, normal, and tan-

gent to orbit plane
XE, YE, ZE = Earth coordinate system
a = angle of attack
aT = engine gimballing angle
/3 = bank angle rotating about flight path axes (positive

left)
y = flight path angle in pitch plane (positive up)
0 = downrange angle along reference plane
A, cf)L = longitude and latitude of vehicle position
IJL = universal gravitational constant
<f) = crossrange angle normal to reference plane (pos-

itive left with respect to initial heading)
i/f = heading angle with respect to reference plane (pos-

itive left with respect to initial heading)
a) = Earth rotational rate
£10 = nodal point shift measured from XE (Greenwich)

Subscripts and Superscripts
i = inertial frame
0 = initial position
1, 2, 3 = vector components
(—) = vector
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= first derivative with respect to time
= second derivative with respect to time

Introduction

AN advent of the successful flights of the Space Shuttle, the
flights of winged spacecraft in the interfacing regime of endo/

exo-atmosphere, which were prematurely explored in the 1960s,
are becoming maturity. The concepts of aeroassisted orbital trans-
fer vehicles, reentry research vehicles, and hypersonic boost glide/
cruise vehicles are now blossoming into realities. For a mission
scenario, an analyses of a complete trajectory cycle of specific
mission profile is needed. The POST,1 the well accepted trajectory
simulation program coded on CDC CYBER, is used extensively
for this purpose. However, for preliminary studies, a less sophis-
ticated but a reliable and user-friendly computer program is de-
sirable.

With a suitable theory, the appearance of desk-top computers
with a highly advanced capability has made possible the quick
trajectory simulation without relying upon a large computer. For
the three-dimensional equations of motion given in the past, how-
ever, the reference plane is fixed on the equatorial plane (for
example, Ref. 2). The inconvenience of this formulation is that
the downrange and crossrange measurements cannot be related
directly to the initial position, unless the vehicle departs from the
equator.

An explicit expression of unified three-dimensional trajectory
simulation methodology given with respect to the flight path co-
ordinate system, that meets the requirements for desk-top com-
puters and for a direct range computation, is formulated. The
theory offers a physical insight into the problem without requiring
additional coordinate transformations. A spherical coordinate sys-
tem fixed on the rotating earth, with its reference plane oriented
with respect to the initial vehicle position and heading, is used as
the reference system. An inverse square gravitational field is as-
sumed. The derived set of equations of motion reduces to the
definition of Keplerian orbit mechanics when the effects of aero-
dynamic and thrust diminish. The method is hence uniformly valid
for evaluating the entire planetary flight continuously through the
atmosphere and the .space.

Equations of Motion
The primary interest is concentrated on the trajectory simulation

of aerqdynamically and propulsively maneuverable vehicles op-
erating in the endo/exo-atmosphere. Therefore, the full equations
of motion for hypersonic flight are included without any compro-
mise. However, the methodology can be applied equally for the
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low-speed flight simulation—an evaluation of a commercial flight
from Los Angeles to New York on a 747, for example.

The well established vector equation which describes the motion
of a point mass measured with respect to the fixed reference system
on a rotating planet2'3 is given as

dV F -— = — - 2o) x V - o) x
dt m

x r) (1)

The velocity (V) is taken relative to the planet and the time de-
rivatives are taken with respect to the planet fixed axes. The first
term (F) on the right-hand side (RHS) represents the applied ex-
ternal forces produced by gravitational field, aerodynamics and
propulsion system. The last two terms are induced by the planet's
rotation in which the second term, a Coriolis acceleration, con-
tributes to a high-speed, long-range flight. The last term on RHS,
a centrifugal acceleration, is usually neglected in the atmospheric
flight but plays an important role in the orbital trajectory simu-
lation.

The planet fixed reference coordinate system is shown in Fig. 1.
The reference plane, defined by the initial vehicle position and
heading (/0, H0, 00), forms a great circle with respect to the geo-
potential center and is inclined with respect to the planet's equator.
The position and velocity vectors in the reference frame are given
as

r = fa, r2, r3) (2)

V = r = (rlf r2,.f3) (3)

The downrange and crossrange measurements from the initial point
along and normal to the reference plane are defined by angular
distances (0, $) taken with respect to the geopotential center,
respectively. Hence, the position components for Eq. (2) can be
described by (see Fig. 2)

rl = r cos<£ cosO r2 = r cos$ sin0 r3 = r (4)

The projected position on the planet's surface is defined by letting
r = Re.

The kinematic relation is derived by following step. From Fig. 2,
the definition of velocity can be expressed in a local coordinate
system (r, e, n) in terms of state derivatives and also in terms of
vehicle heading ($) and flight path angles (y).

- d r , d 0 A d<£ AV = -— r + r cos© — e + r — ndt ^ dt dt (5)

V = Vsinyr + V cosy cosine + V c o s y s m i f / n (6)

The kinematic relation is expressed by equating Eqs. (5) and (6).

dO _ V cosy cos ̂
dt r cos<£

V cosy sin ̂
dt (7)

The final momentum equations expressed in the flight path co-
ordinate system are summarized. The derivation is discussed in
the Appendices.

dV 7cos(ar + a) - D usiny
— = ——————————— - — ~dt m r2 +

Vdy [rsin(a:r + a) + L] cos/3 /a V2
—- = ——————————————— _ _ _
dt m \n2

+ 2V a)EC2 + r col F2

Vcosy— - =
' dt

[Tsin(a:r + a) + L] sin/3——————————————

- V2cos2ycos if/ tan<£
- 2V o)EC3 - r

(8a)

(8b)

(8c)

where the Coriolis acceleration coefficients which contribute to
pitch and yaw components are given as

C2 = cos/o cos$ cosi/r — sim'0

+ cos</fsin</>sin(00 + 0)]

8)

(9a)

C3 = cos/o (cosy sin <£ — siny cos(#> si

+ sin/0 [(cosy cos $ + siny sin$ sin i/f) sin(00 + 0)

- sinycosi/fcos(00 + 0)] (9b)

ASCENT-
DESCENT
TRAJECTORY

Fig. 1 Earth and reference coordinate systems.

REFERENCE
PLANE

NOTE: REFERENCE (i,j,k)
LOCAL (e,ri;r)

T PATH (̂  , t2,

Fig. 2 Reference, local and flight path coordinate systems.
FLIGHT PATH (̂  , t2, t3)
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The centrifugal acceleration coefficients are given as

FI = [cos2/0 + sin2/0 cos2 (00 + 6)]

x cos </> (sin y cos <£ ~ cosy sin <£ sin </r)

+ sin2/0 [sin</> (siny sin$ -I- cosy cos <f> sini/0

— cosy cos (/) cos i/fcos(00 + 0) sin(00 4- 0)]

— sim'o cos/o [(2siny sin (f> cos<£

+ cosy sin i/fcos2<£) sin(00 4- 0)

4- cosy cos e/f sin </> cos(00 4- 0)] (10a)

F2 = [cos2/0 4- sin2/0 cos2 (00 + 0)]

x cos</> (cosy cos <f> 4- siny sin</> sini/0

4- sin2 /0[sin<£ (cosy sin<£ — siny cos$ sini/0

4- siny cos $ cos i/fcos(00 + 0) sin(00 4- 0)]

+ sini'o cos/o {siny sin</> cosi/^ cos(00 4- 0)

4- [sinysun/r— 2sin<^> (cosy cos <f>

+ siny sin <f> sin </r)] sin(00 + 0)} (lOb)

- sin2 j'0 cos<^> [sin^ sin(00 + 0) cos(00 4- 0)

4- sin0cos<Asin2(0o + 0)]

4- sim'o cos/o [cos^cos20 sin(00 4- 0)

- sin^sini/fcos(00 + 0)] (lOc)

For the propulsive stage, the rate of decrease of vehicle mass is
determined by thrust T and specific impulse 7sp.

dm -abs(J)
(11)

The trajectory inclination angle changes only when the aerodyn-
amic and/or propulsive forces are applied in the lateral plane of
motion. The rate of change of inclination4 is expressed as

d/
dt

cosAz, coscfe,
sn/ dt EF

where (dtf//dt)EF is defined by the first RHS term of Eq. (8c) and
Azi by the known inclination and latitude using the right spherical
triangle relationship

cost
coscfe, (13)

The vehicle position can be described in the terms of latitude
and longitude of planet by the following transformations:

> cos/o + cos0sin(00 + 0) sin/0 (14a)

=
PI - P2 sinflo l '

where

PI = cos^cos (00 + 0)

P2 = cos<£ sin(00 + 0) cos/o - sin<£ sin/0

One can verify that 0L = (f> and A = H0 + #o + 0 only when
*o = 0.

12 18
TIME ( h o u r )

-8

4 0 4
DOWN RANGEdOOOkm)

-4 0 4
DOWN R A N G E ( I O O O k m )

Fig. 3 24-h circular orbit, /0 =60 deg: a) ground trace; b) inertial/relative velocity histories; c) crossrange vs downrange; d) relative velocity vs
downrange.
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The initial conditions of a vehicle position and its states are
given as

/ = |0> (f)L = <£LO? A = A0 (inclination, latitude, longitude)

V = V0, y = To,

h = hQ (velocity, flight path angle, altitude)

<A = 0, 0 = 0,

(f> = 0 (heading, downrange, crossrange angles)

The variable control parameters are angle of attack, bank angle,
thrust angle, thrust and specific impulse (a, /3, aT, T, /sp). The
reader should note that the initial heading angle is normally zero
because the vehicle is initially aligned with respect to the reference
plane defined by the inclination, i'0. However, for a trajectory
starting from the space, the initial relative heading angle is com-
puted by the inertial properties as will be shown in the next section.

Equations (4) and (7-14) and the initial conditions completely
describe the problem. The problem is solved by the shooting method.
The desired solution is obtained by adjusting the initial conditions
and/or variable control parameters at the staging points. The fourth-
order Runge-Kutta routine suitable for the personal computer is
used to integrate the preceding set of equations.

Inertial and Relative Velocity Relationship
For the reference plane aligned with the equator, the universal

nature of the equations can be immediately verified by setting i'0
= 0 in Eqs. (9) and (10). In this case, the endo-atmospheric
equations given in Ref. 2 are reproduced. For a vanishing contri-
bution of aerodynamics and propulsive forces, the equations reduce
to two-dimensional Keplerian mechanics.

For a nonequatorial reference plane, however, the reduction of
equations in the form of Keplerian mechanics is not obvious be-
cause of the cross-term, sin/0 cos/0. In this case, a numerical
verification is performed. Recall, the equations are derived using
a relative velocity (V) with respect to the rotating planet. Therefore,

the relationship between the relative (V) and the given inertial
(Vi) velocities at the initial point is required for the orbit problem.
Then a nonzero initial relative heading angle is defined.

For the given initial inertial velocity and flight path angle, the
tangential and radial velocity components are defined as

Vti = Vf cosy,, Vri = Vt siny, (15)

The local Earth rotational speed at the given latitude <$>L is

Ve = r o)E cos<fo (16)

The tangential and normal relative velocity components with re-
spect to the orbit plane are

Vt = (VI - 2Vti r a*E cosz'o + V2
e)l/> (17)

Vn = VtiSinAzf - Ve (18)

The magnitude of relative velocity and flight path angle are

V=(V? + V^ (19)

y = arcsin (Vri/V) (20)

The initial relative heading angle (ife) between the inertial and the
relative trajectories is defined by

= Azt - arcsin (Vn/Vt) (21)

where Azt is the heading azimuth of the inertial orbit plane at the
initial vehicle position computed by Eq. (13), letting i = /0-

Discussion of Results
Several sample cases are demonstrated to verify the universal

nature of the derived equations. The sample computations were
performed on an IBM PC equipped with a 8087 Numeric Data
Processor. The typical trajectories were computed in 3 to 5 min
for in-orbit, 15 to 18 min for deorbit to land or for synergetic plane
change, and 30 min for low-speed cross-country cases.
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Fig. 4 23.6-h elliptic orbit, /0 = 7.778 deg, hp = 27,243 km, ha =42,705 km: a) ground trace; b) relative velocity vs downrange angle; c) altitude
history; d) inertial/relative velocity histories.
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To demonstrate that the set of equations reduces to Keplerian
mechanics, a satellite on a nonequatorial circular orbit at the geo-
synchronous altitude is computed. It forms a figure eight (8) ground
trace.5 This is verified for the 24-h orbit with 60-deg inclination
as shown in Fig. 3a. Although the inertial velocity of a circular
orbit is invariant, the relative velocity varies with the latitude
position which depicts a 12-h cycle as shown in Fig. 3b. The
crossrange and velocity vs downrange are shown in Figs. 3c and
3d, respectively.

An elliptic orbit (e = .187) with an anomalistic period of 23.6 h
inclined at 7.778 deg5 is simulated. The ground trace in Fig. 4a
shows a typical figure eight with the nodal shift per cycle because
the orbit is not precisely 24 h. The velocity versus downrange is
shown in Fig. 4b. The approximate 24-h cycle of altitude traverse
is given in Fig. 4c. Although the inertial velocity is inversely
proportional to the altitude cycle in Fig. 4d, the relative velocity
follows the cycle with respect to the latitude position.
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Fig. 5 Deorbit to land from elliptic LEO, i0 = 96.2 deg, t0 = 97.3
min, hpo = 225 km, ha0 = 1012 km. a) altitude-relative velocity
histories; b) angle of attack-bank angle histories; c) altitude-relative
velocity vs downrange; d) crossrange vs downrange; e) ground trace.

Fig. 6 Synergetic plane change, /r0 = 212 km, i'0 = 28.5 deg; hf =
180 km, if = 52 deg. a) altitude history; b) inertial/relative velocity
histories; c) inclination-latitude histories; d) altitude vs downrange
angle; e) crossrange vs downrange angles; f) ground trace.
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Fig. 1 Low-speed cross-country flight (East), i0=45 deg: a) altitude-velocity histories; b) ground trace; c) altitude-velocity vs downrange; d)
crossrange vs downrange.

To demonstrate the re-entry analysis capability, the deorbit burn
(AV = -305 m/s) was applied at the perigee of an elliptic low
Earth orbit (LEO) in near polar orbit with 96.2-deg inclination.5
Both 30- and -45-deg bank turns (as marked numerically in
figures) were used for the endo-atmospheric maneuver to establish
the crossrange. The altitude and relative velocity histories are
shown in Fig. 5a and the angle of attack/bank angle modulation
histories in Fig. 5b. The altitude and velocity vs downrange of
Fig. 5c can be overlayed on Fig. 5d (crossrange vs downrange)
to depict the three-dimensional trajectory profile. The -45-deg
bank angle was executed at the final northbound leg of trajectory
(point 2) to bring the vehicle back near the equator as shown in
the ground trace (Fig. 5f).

The synergetic orbit plane change is simulated next. The altitude
history is shown in Fig. 6a, the inertial and relative velocities in
Fig. 6b, and the trajectory inclination and latitude in Fig. 6c, The
altitude and crossrange vs downrange are shown in Figs. 6d and
6e. The points of interest are listed numerically. The initial aero-
dynamic deceleration occurred between points 1 and 2 during the
entry and descent phase. Because the synergetic inclination change
is most effectively accomplished near the equator crossing,4 the
aero-turning maneuver was initiated near the upper apex (point 2)
and completed before the lower apex (point 3) of trajectory as
shown in Fig. 6f. It was performed with a throttlable rocket (T =
1.1 x drag) and with the vehicle attitude trimmed at a 24-deg
angle of attack and a - 85-deg bank [on the southbound leg of
trajectory, the right turn increases the trajectory inclination (Ref. 4)j.
The reorbit burn was applied between points 3 and 4. The vehicle
coasted to point 5 where the insertion burn was made. The 28.5-
deg orbit plane was changed to the 52-deg inclined orbit with a
total delta-V expenditure of 2009 m/s. The points where the revised
trajectory crossed the reference plane are shown alphabetically in
Figs. 6e and 6f.

The final demonstration is a simulation of low-speed cross-
country trip on a commercial aircraft. The altitude and velocity
histories are given in Fig. la and the ground trace in Fig. 7b. The
altitude-velocity and crossrange vs downrange are given in Figs.
7c and 7d. The computation simulates a horizontal take-off and
climb to a cruise altitude of approximately 11.2 km (point 1) at
Mach 0.8. During the cruise, the thrust is maintained at 1.01 x
drag. The cruise altitude decays initially until the vehicle becomes
lighter as the propellent is consumed. At point 2, the throttle is
pulled back to 0.8 x drag to descend. The allocated propellent
has been exhausted at point 3, the aircraft's approach angle be-
comes excessive, and it crashes. In order to counter-balance the
Coriolis force, the vehicle requires very slight left-hand banking

(0 to 0.1 deg bank) to maintain its heading. The reference trajectory
is taken along the eastbound heading described by an i'0 = 45-deg
inclination (dashed-line, Fig. 7b). The midcourse heading changes
are interactively applied.

Conclusions
A useful, explicit form of equations of motion which offers a

physical insight into the three-dimensional trajectory simulation,
without requiring additional coordinate transformations, is pre-
sented in this paper. The theory is uniformly valid for continuous
analysis of endo/exo-atmospheric flight problems on a rotating
planet. The spherical coordinate system is used and the inverse
square gravitational field is assumed. The set of equations is suit-
able for coding on the desk-top computers for accurate, preliminary
trajectory simulation. An advantage of the desk-top computers is
that an autonomous interactive capability can be incorporated to
change control parameters, such as angles of attack, bank angle,
propulsion setting, etc., during the computation.

Many different types of trajectories can be simulated in which
capability will be dependent upon the user's ingenuity to code such
cases. Sample problems of in-orbit; deorbit to land and to perform
synergetic plane change, that require a trans-atmospheric flight
maneuver; and low-speed cross-country flight are demonstrated to
verify the universal nature of this theory.

Appendix A: Components in Reference Coordinate
System

The formulation of momentum equations [Eqs. (8-1 Oj] is briefly
discussed. The unit vector triads for the local and reference system
are related by the following transformations from Fig. 2:

+ sin</> kf = cos$cos0? +

e = — sin0 i + • cosOj

n = —sm<t>cosOi — sin</> sin0/ + (Al)

Substituting Eq. (Al) into Eq. (6), velocity components in the
form of Eq. (3) can be expressed as

J"i = V [cos<£ cos0 siny

— (sint/r sin<£ cos0 + cos</f sin B) cosy]
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r2 = V [cos(/> sin0 siny

— (sin i f / sin<£ sin6 — cosi/> cos0) cosy]

r3 = V (sin <£ siny + sin if/ cos (/> cosy) (A2)

The scalar accelerations in terms of derivatives of state variables
can be derived by differentiating Eq. (A2).

fi = (V/V)ri + Vy [cos </> cos 6 cosy

H- (cos iff sin 0 + sin ̂  sin <£ cos 0) siny]

— V(f> (sin<£ cos0 siny + sini/> cos$ cos0 cosy)

+ Vijs [(sini/f sin0 - cosi/f sin</> cos0) cosy]

— V0 [cos </> sin 6 siny

+ (cos ̂  cos 0 — sin if/ sin $ sin 0) cosy] (A3a)

r2 = (V/V)r2 + Vy [cos 0 sin 0 cosy

— (cos i/^ cos 0 — sini/fsin</> sin0) siny]

— V(f> (sin$ sin0 siny + sini/f cos</> sin0 cosy)

— Vif/ [(sini/f cos0 + cosi/f sin$ sin0) cosy]

+ VB [cos <t> cos 0 siny

— (cos i/> sin 0 + sin i/f sin </> cos 0) cosy] (A3b)

r3 = (V/V)r3

+ Vy (sin$ cosy — sini/> cos$ siny)

+ V(f> (cos<£ siny — sint/f sin</> cosy)

cos </> cosy (A3c)

The rate of planet rotation vector in the reference frame can be
easily shown as

where
o>! = a)E sin/0sin00

a)2 — cog sim'ocos00

a)3 = a)E cos/o (A4)

The Coriolis and centrifugal accelerations can be re-expressed as

~ v 7? _ (C*17 ft? C*T7 ^ ^A^\0) X V — yL,tL\, ^£^2? ^^3) \™J)

X (ftj X r) = (CFl5 CF2, CF3) (A6)
where

CFt =

and 1,7, Jt are cyclic as i = 1, 2, 3; 7 = 2, 3, 1; k = 3, 1, 2.
Then Eq. (1) without the external force term can be rewritten

in components of the reference coordinate system by using the
definitions of Eqs. (A3, A5, and A6).

Appendix B: Unit Vectors in Flight Path
Coordinate System

After performing successive coordinate transformations, the unit
vector triad described in the flight path coordinate system (right
hand rule) can be expressed in terms of the reference axes unit
vectors. The unit vector, ti9 in the direction of flight is given as

?! = i [cos</> cos0 siny

— (cos$ sin0 + sini/^ sin</> cos0) cosy]

+ 7 [cos$ sin0 siny

+ (cosj^ cos0 — sinijs sin<j> sin0) cosy]

+ £ (sin<£ siny + sini/f cos</> cosy) (Bla)

The unit vectors in the directions of yaw (left as positive) and
pitch (up as positive) planes are

?2 = ?(sint/>sin0 — cosi/f sin^> cos0)

— / (sini/f cos0 4- cost/> sin</> sin0) + k cosi/f cos</>

?3 = ? [cos4> cos0 cosy

+ (cosif/ sin0 + sini^sin<^ cos0) siny]

+. 7 [cos0 sin0 cosy

— (cos i f / cos0 — sini/r sin$ sin0) siny]

cosy — sini/f cos</> siny)

(Bib)

(Blc)

Also note that, from comparison of Eq. (A2) and (Bla), ^ can be
also expressed as

?,.= M±M±M (B2)

Therefore, the dot-product of Eqs. (3) and (B2) gives the definition
of speed V in the direction of flight in the flight path coordinate
system:

(B3)

The final explicit form of momentum equations as given in Eqs.
(8-10) is derived by taking the dot-product of Eqs. (A7) and
(Bla,b,c), respectively. The force components are described in
the flight-path coordinate system. Their contributions can be,
therefore, superimposed on the final expressions.
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